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The present paper is a continuation of the author’s work (Hachenberger (2001) [3]) on
primitivity and complete normality. For certain 2-power extensions E over a Galois field
Fq, we are going to establish the existence of a primitive element which simultaneously
generates a normal basis over every intermediate field of E/Fq. The main result is as
follows: Let q ≡ 3 mod 4 and let m(q) ≥ 3 be the largest integer such that 2m(q) divides
q2 − 1; if E = Fq2l , where l ≥ m(q) + 3, then there exists a primitive element in E that is
completely normal over Fq.
Our method not only shows existence but also gives a fairly large lower bound on the
number of primitive completely normal elements. In the above case this number is at least
4·(q−1)2l−2 .We are further going to discuss lower bounds on the number of such elements
in r-power extensions, where r = 2 and q ≡ 1 mod 4, orwhere r is an odd prime, orwhere
r is equal to the characteristic of the underlying field.
© 2010 Elsevier B.V. All rights reserved.
1. Primitivity and complete normality
Consider a field extension E/F of finite degree, where F = Fq is the Galois field with q elements. By a classical theorem
of Hensel [9] there exist field elements w in E such that the set {wg : g ∈ G} of conjugates of w under the Galois group G
of E/F constitutes an F-basis of E. Such a basis is called a normal basis;w is called normal (or free) in E/F . In the eighties of
the previous century two interesting strengthenings of this Normal Basis Theorem for Galois Fields have been discovered:
(1) The Complete Normal Basis Theorem, due to Blessenohl and Johnsen [1]: for any extension E/F of Galois fields there exists
an elementw ∈ E which is completely normal (or completely free) over F . This means thatw is simultaneously normal in
E/K for every intermediate field K of E/F .
(2) The Primitive Normal Basis Theorem, of Lenstra and Schoof [10]: for any extension E/F of Galois fields there exists a
primitive elementw ∈ E which is normal over F . (Recall that a primitive element of E is a generator of the multiplicative
group of E.)
It is only natural to ask whether (for any Galois field extension E/F ) there is a primitive element of E which additionally
is completely normal over F . By means of a computer search, Morgan and Mullen [12] have in fact determined primitive
completely normal elements for all extensions Fqn/Fq where q ≤ 97 is a prime and qn < 1050. This allowed them to
conjecture the validity of a Primitive Complete Normal Basis Theorem for arbitrary extensions of Galois fields.
A considerable step towards settling this conjecture is provided in [3]. Combining counting arguments involving Gauss
sums with the theory of cyclotomic modules (developed in [2,4]), primitive completely normal elements have been shown
to exist for every extension belonging to a (large) class of so-called regular extensions (see Theorem 1 below).
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Given n and q, let n′ be the largest divisor of n which is relatively prime to q. Furthermore, let ν(n′) denote the square-
free part of n′, and ordν(n′)(q) the order of qmodulo ν(n′). The pair (q, n), as well as the extension Fqn/Fq are called regular
provided that ordν(n′)(q) and n are relatively prime (see Definition 1.3 in [3]).
Theorem 1 ([3], Theorem 1.4). Let (q, n) be regular and assume that q ≡ 1modulo 4 if n′ is even. Then there exists a primitive
element in Fqn which is completely normal over Fq.
In the present paper, we concentrate on prime power extensions. Observe that (q, n) is regular for any qwhenever n = r l
is any power of any prime r . Consequently, the only extensions of prime power degree not covered by Theorem 1 are those
where r = 2 and q ≡ 3 mod 4. Our main result of the present paper (see Theorem 2) states that for any q ≡ 3 mod 4 there
are at most finitely many powers 2b such that Fq2b does not have a primitive completely normal element over Fq. Moreover,
our method not only shows existence, but also provides a fairly large lower bound on the number of primitive completely
normal elements.
Throughout, for q ≡ 3 mod 4, we let 2m(q) be the maximal power of 2 dividing q2 − 1.
Theorem 2. Let q ≡ 3 mod 4 and l ≥ m(q) + 3 an integer. Then there exists a primitive element of Fq2l that is completely
normal over Fq. Moreover, the number of such primitive completely normal elements of Fq2l /Fq is at least
4 · (q− 1)2l−2 .
Our method applies to other prime power extensions as well, i.e., where r = 2 and q ≡ 1 mod 4, or where r is an odd
prime, or where r is equal to the characteristic of the underlying field. We shall therefore also discuss comparable lower
bounds on the number of primitive completely normal elements in those extensions. Throughout, we have assumed l ≥ 2
as for extensions of prime degree (i.e. l = 1) the property of being completely normal is identical to the property of being
normal.
Theorem 3. Let q = pa > 1 be the power of a prime p. Let l ≥ 2 be an integer and r 6= p a further prime. Assume that
q ≡ 1 mod 4 and l ≥ 5 if r = 2. Then the number of primitive completely normal elements of Fqrl over Fq is at least
r2 · (q− 1)r l−2 .
Observe that no restrictions for odd r aremade in Theorem 3. The next result covers the case where the degree is a power
of the characteristic.
Theorem 4. Let q = pa > 1 be the power of a prime p and l ≥ 2 an integer. Then the number of primitive completely normal
elements of Fqpl over Fq is at least
p · qpl−1−1 · (q− 1).
In the case where r and p are at least 7, the bounds of Theorems 3 and 4 may be improved to:
Theorem 5. Let q = pa > 1 be the power of a prime p. Let l ≥ 2 be an integer and r ≥ 7 a further prime. Then the number of
primitive completely normal elements of Fqrl over Fq is at least
r · (q− 1)r l−1 · ϕ(qr l−1 − 1) if r 6= p, and (1)
r · qr l−1−1 · (q− 1) · ϕ(qr l−1 − 1) if r = p, (2)
where ϕ denotes Euler’s totient function.
In Section 4, we shall briefly discuss the possibly of weakening the assumptions l ≥ m(q)+ 3 in Theorem 2 and l ≥ 5 in
Theorem 3.
2. Proof of Theorems 2 and 3
For the basic theory of finite fields, we refer the reader to Lidl and Niederreiter [11]. For the theory of normal bases and
the (complete) module structure of finite fields, see [2,4].
Let us start with an arbitrary prime power q > 1 and arbitrary integers k, n ≥ 1 with k dividing n. We write E := Fqn ,
K := Fqk and F := Fq, and denote the characteristic of F by p. Next, let
tr : E → K , w 7→
n
k−1∑
j=0
wq
kj
(3)
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be the (E, K)-trace mapping. Observe that tr(w) = Ψ (σ )(w), where σ : E → E, w 7→ wq is the Frobenius automorphism,
and where Ψ (x) := ∑ nk−1j=0 xkj ∈ F [x]. Throughout, we let C denote the kernel of tr; it is a σ -invariant K -subspace of E and
consists exactly of the roots of the polynomialΨ (x). The following observation is a simple consequence of Lemma 5.3 of [2].
Lemma 6. If w ∈ E is completely normal in E/F , then tr(w) is completely normal in K/F .
For prime power extensions, a partial converse of Lemma 6 is known to be true; see Proposition 7. The proof requires
a characterization of completely normal elements by decompositions as given in Proposition 9 below; in [2] (see the proof
of Theorem 26.4) it is implicitly shown through the construction of trace-compatible series of completely normal elements
over a finite field.
Proposition 7. Let n = r l be the power of a prime r and let k = r t (where t ≤ l). Assume that v ∈ K is completely normal
over F . Then there exists an element w ∈ E which is completely normal over F , and such that tr(w) = v.
The proofs of Theorems 2–5 basically rely on the fact that, under certain further assumptions on n and k, in the conclusion
of Proposition 7 one can choosew being additionally primitive, i.e., given v ∈ K (necessarily completely normal over F ), there
exists a primitive element w ∈ E that is completely normal over F and that satisfies tr(w) = v. This is established in two
parts. The first one deals with characterizations of completely normal elements, while the second one incorporates the
primitivity.
Part I
Under the assumption that nk and q are relatively prime, we observe that K ⊕ C is a decomposition of E into σ -invariant
K -subspaces. According to this decomposition, any w ∈ E may be written as w = w0 + w′ with w0 ∈ K and w′ ∈ C
(i.e. tr(w′) = 0). Lemma 6 can be made more precise, then, as follows: if v = tr(w), then v = tr(w0) = nkw0, and therefore
v is completely normal in K/F if and only ifw0 is completely normal in K/F .
We assume from now on that n = r l is a power of a prime r , where r 6= p and l ≥ 2. Assume further that k = r l−2.
The reason for the latter assumption is twofold: First, our method gives better lower bounds on the number of primitive
completely normal elements for larger degree k; on the other hand, the relevant combinatorial arguments onlyworkwithout
any restriction on q when the quotient nk is not too small (see also Sections 3 and 4). Our aim is to characterize completely
normal elementsw of E/F by means of their decompositionw0 + w′ and by properties of tr(w); see Proposition 10 below.
This requires some preparation.
Given t ∈ N with t ≤ l − 2, we let Lt := Fqrt (an intermediate field of K/F ) and define the qr
t
-order of w ∈ E to be the
monic polynomial g ∈ Lt [x] of least degree such that w is contained in the kernel of g(σ rt ) (observe that the latter is an
operator on E when considered as an Lt-vector space).
Lemma 8. Let w ∈ E and v = tr(w) ∈ K. Then, according to the decompositionw = w0 +w′, the following two assertions are
equivalent:
(1) w is normal in E/Lt ;
(2) v is normal in K/Lt , and the qr
t
-order of w′ is equal to
Ωt(x) :=
r2−1∑
j=0
xj·r
l−2−t
.
The validity of Lemma 8 is an application of Theorem 8.6 of [2], observing that C , the kernel of tr, is annihilated byΩt(xr
t
)
(which is equal to Ψ (x) in the present situation), and that v is normal in K/Lt if and only ifw0 is normal in K/Lt .
We are now going to state a complete version of Lemma 8 (see Section 13 of [2]). For that purpose, letM := Fqrl−1 be the
unique maximal intermediate field of E/F . Decompose C into C1 ⊕ C2, where C1 is the kernel of the (M, K)-trace mapping,
and where C2 is the kernel of the (E,M)-trace mapping.
Proposition 9. Let w ∈ E and v = tr(w) ∈ K. According to the decomposition K ⊕C1⊕C2 of E, let w = w0+w1+w2, where
w1 ∈ C1 andw2 ∈ C2. Then the following two assertions are equivalent:
(1) w is completely normal in E/F ;
(2) w0 (equivalently v) is completely normal in K/F ; for every t ∈ {0, 1, . . . , l−1} the qrt -order of w1 is equal to∑r−1j=0 xj·r l−2−t ;
for every t ∈ {0, 1, . . . , l} the qrt -order of w2 is equal to∑r−1j=0 xj·r l−1−t .
An elementw′ = w1+w2 of C satisfying the relevant condition in (2) of Proposition 9 is called a complete generator of C .
Next, for c ∈ N with c ≥ 2 we write ordrc (q) = s · rγ (c), where s = ordr(q) is a divisor of r − 1 and where
γ (c) = γ (q, r, c) ≤ c − 1. Let furthermore τ(c) = τ(q, r, c) be defined by
τ(c) :=
⌊
γ (c)
2
⌋
. (4)
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Observe that τ(l) ≤ l− 2 by definition, and therefore Lτ(l) is an intermediate field of K/F . The following characterization of
completely normal elements is a deep result, which is proved in Section 17 of [2]; in particular, properties of τ(l − 1) and
τ(l) (given on p. 96 of [2]) are used to show that a generator of C as an Lτ(l)[x]-module is already a complete generator of
that σ -invariant subspace.
Proposition 10. With n = r l and k = r l−2 as above, let additionally l ≥ m(q)+ 2 if r = 2 and q ≡ 3 mod 4 (where m(q) is as
defined before Theorem 2). Let further w ∈ E and v = tr(w) ∈ K. According to the decomposition K ⊕ C of E let w = w0 +w′.
Then the following two assertions are equivalent:
(1) w is completely normal in E/F ;
(2) v (equivalentlyw0) is completely normal in K/F , and the qr
τ(l)
-order of w′ is equal toΩτ(l) =∑r2−1j=0 xj·r l−2−τ(l) .
We should remark that the assumption l ≥ m(q) + 2 in the case where r = 2 and q ≡ 3 mod 4 is made in order to
circumvent that either C1 or C2 are spaces belonging to an exceptional polynomial (see [2], Definition 20.2). The structure
of exceptional spaces is even more involved, as they do not allow the characterization of completely normal elements
as claimed. Therefore, the handling of the exceptional case requires deeper tools from algebraic combinatorics and will be
studied in a forthcoming work [8].
A combination of Proposition 7 with Proposition 10 now yields:
Corollary 11. With n = r l and k = r l−2 as above, let additionally l ≥ m(q) + 2 if r = 2 and q ≡ 3 mod 4. Let v ∈ K be
completely normal over F . Then there exists an element w ∈ E which is normal over Lτ(l), and which satisfies tr(w) = v. Any
suchw is completely normal in E/F .
Part II
In order to additionally cope with primitivity, we are first going to define the complete version of the set T introduced
in [5] (see the proof of Theorem 13 below for the definition of T ).
Definition 12. We denote by T c the set of all triples (q, d, e) (where q > 1 is a prime power and d, e ∈ N∗) such that the
following holds for the tower (Fq, Fqd , Fqde) of Galois fields: for any v ∈ Fqd which is completely normal over Fq there exists a
primitive element wv ∈ Fqde which is completely normal over Fq, and which has (Fqde , Fqd)-trace equal to v.
Now, the furthermajor step towards proving the existence part in Theorem 2 is provided by the following result. Observe
that no further assumptions on l or q are made when r is odd.
Theorem 13. Let q > 1 be any prime power, let r be a prime which does not divide q, and let l ∈ N, l ≥ 2. Assume that l ≥ 5 if
r = 2 and q ≡ 1 mod 4, and that l ≥ m(q)+ 3 if r = 2 and q ≡ 3 mod 4. Then (q, r l−2, r2) ∈ T c .
Proof. In [5], the set T is defined to be the set of all triples (q, d, e) such that the following holds: for any v ∈ Fqd which is
normal over Fq there exists a primitive element wv ∈ Fqde which is normal over Fq and which has (Fqde , Fqd)-trace equal to v.
By Theorem 5.1 of [5], we know the following results, which hold without any restrictions on q, and whose (difficult) proofs
involve characterizations of primitive and normal elements by means of (estimates of) Gauss sums:
(i) if r is odd or r = p, then (q, rα, r2) ∈ T for all α ≥ 0;
(ii) (q, 2α, 4) ∈ T for all α ≥ 3.
Now, if r is odd or r = p, then (qrτ(l) , r l−2−τ(l), r2) ∈ T by (i). If r = 2, then one can show that either l− 2− τ(l) ≥ 3, and
therefore (q2
τ(l)
, 2l−2−τ(l), 4) ∈ T by (ii), or one of the following cases occurs:
(a) q ≡ 3 mod 4 andm(q) = 3 and l = 6 and τ(l) = 2,
(b) q ≡ 1 mod 4 and l = 6 and τ(l) = 2,
(c) q ≡ 1 mod 4 and l = 5 and τ(l) = 1.
In any of these latter cases, one obtains l − 2 − τ(l) = 2. By Remark 3 of Section 4 in [6] we know that (q4, 4, 4) ∈ T for
any q, as well as (q2, 4, 4) ∈ T for all q ≡ 1 mod 4. In summary this gives
(qr
τ(l)
, r l−2−τ(l), r2) ∈ T (5)
for all q, r and l as in the assertion of Theorem 13.
Next, assume that v ∈ K is completely normal over F . Then v is normal over Lτ(l). By (5) there is a primitivewv ∈ E which
is normal over Lτ(l), and which has (E, K)-trace equal to v. By Corollary 11,wv is completely normal over F . This establishes
(q, r l−2, r2) ∈ T c . 
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In order to provide the lower bound of Theorem 2 as well as the proof of Theorem 3, we finally let Nc(q, k) denote the
number of completely normal elements in K = Fqk over F = Fq, where again k = r l−2. Using the action of the Galois group
of E/K , Theorem 13 implies that there are at least r2 ·Nc(q, k) primitive completely normal elements in E/F . Consequently,
the assertion of Theorem 2 follows from Proposition 14, which is an application of Theorem 21.3 of [2]. The argument also
applies to the cases of Theorem 3, namely r = 2 and q ≡ 1 mod 4 and l ≥ 5, or r 6= p odd, and therefore proves the lower
bounds on the number of primitive completely normal elements as stated.
Proposition 14. Let (q, k) be regular. Then the number of completely normal elements in Fqk/Fq is at least (q− 1)k.
We remark that the exact numbers of completely normal elements for all regular extensions are determined in Section
21 of [2].
3. Completion of the proof of Theorems 4 and 5
Throughout, we attain the notation from the previous sections. It remains to prove the bounds in Theorems 4 and 5. This
is also achieved along the lines of Theorem 13.
Assume first that r = p. This equal-characteristic case is much easier, since for an element w of E, having nonzero
(E, F)-trace is already equivalent to being normal in E/F , and normality in E/F is already equivalent to being completely
normal in E/F ; see Theorem 5.7 in [2]. Thus, in fact (q, pl−1, p) ∈ T c as (q, pl−1, p) ∈ T by Theorem 5.1 of [5]. Moreover,
Nc(q, pl) = qpl−1−1 · (q− 1). Using the action of the Galois group in Fqpl over Fqpl−1 gives the bound in Theorem 4.
Finally, the improved bounds of Theorem 5 are a consequence of Theorem 6.2’ of [7]: Given a prime r ≥ 7, integers
α, β ≥ 0 and an integer γ > max(α, β), then the quadruple (q, rα, rβ , rγ ) is shown to be completely universal for
any prime power q > 1. The latter means that for any completely normal element u of Fqrα /Fq and for any primitive
element v of F
qrβ
there exists an element w = wu,v ∈ Fqrγ that is primitive and completely normal over Fq, and whose
(Fqrγ , Fqrα )-trace is equal to u, and whose (Fqrγ , Fqrβ )-norm is equal to v. With α = β = r l−1 and γ = r l, we obtain the
bounds of Theorem 5 from the universality of (q, r l−1, r l−1, r l) and observing that Nc(q, r l−1) ≥ (q − 1)r l−1 for r 6= p and
Nc(q, pl−1) = qpl−1−1 · (q− 1), and due to the fact that the number of primitive elements of Fqrl−1 is equal to ϕ(qr
l−1 − 1).
The main reason for studying the set T or (completely) universal quadruples (see [5–7]) is to provide a tool for
establishing the existence of trace-compatible and additionally norm-compatible sequences of primitive (complete) normal
bases generators for infinite towers of field extensions.
4. Concluding remarks
Assume that r ≥ 3 and r 6= p, and let qmod 9 6∈ {−1, 1} if r = 3; then (q, r l−1, r) ∈ T for all l ≥ 1 by Theorem 5.1 of [5]
and Theorem 1.1 of [6] (see the proof of Theorem 13 for the definition of T ). The method as outlined in Section 2 allows us
then to show that (q, r l−1, r) ∈ T c (see Definition 12) in all these cases, and the lower bound given in Theorem 3 can (for
q 6= 2) therefore even be improved to r · (q− 1)r l−1 .
If r = 2 6= p, then the assumptions of Theorems 2 and 3 may be weakened to l ≥ m(q)+ 2 (for q ≡ 3 mod 4) and l ≥ 4
(for q ≡ 1 mod 4), respectively, provided that the triples (9, 4, 4), (17, 4, 4) and (25, 2, 4) are members of T . According to
Remarks 3 and 4 of Section 4 of [6], however, this is not known, and therefore requires further investigation.
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